We introduce a new four-parameters sequence that simultaneously generalizes some well-known integer sequences, including Fibonacci, Padovan, Jacobsthatl, Pell, and Lucas numbers. Combinatorial interpretations are discussed and many identities for this general sequence are derived. As a consequence, a number of identities for Fibonacci, Lucas, Pell, Jacobsthal, Padovan, and Narayana numbers as well as some of their generalizations are obtained. We also present the Cassini formula for the new sequence.
Introduction
The Fibonacci numbers are defined recursively by F n = F n−1 + F n−2 for n ≥ 2, with initial conditions F 0 = 0 and F 1 = 1. The Fibonacci numbers have been generalized by a number of authors in many different ways. In [14] , the authors introduced the k-Fibonacci numbers F (k, n) = kF (k, n − 1) + F (k, n − 2), for n ≥ 2, F (k, 0) = 0 and F (k, 1) = 1. In [32] , the (2, k)-Fibonacci numbers were introduced by the recurrence relation F 2 (k, n) = F 2 (k, n − 2) + F 2 (k, n − k), for n ≥ k, with F 2 (k, n) = 1 for n = 0, . . . , k−1, and the authors interpreted them in terms of certain set decompositions. A two-variables polynomial generalization is presented in [1] . Among others, some generalizations can be seen in [2, 3, 5, 13, 15, 21] . Some of the generalizations have interesting and useful graph interpretations, see [29, 30, 31] .
In this paper, we introduce a new generalization not only for the Fibonacci numbers, but for a many other special integer sequences and their generalizations. Our four-parameters sequence, F For i = r = s = 1 and k = 2 in F i r,s (k, n) and L i r,s (k, n), we obtain the numbers F n and L n , respectively. In addition, Pell, Jacobsthal, Padovan and Narayana numbers and some of their generalizations are obtained from F i r,s (k, n) (Section 2).
We present three combinatorial interpretations for F i r,s (k, n): one in terms of tilings, another in terms of color decomposition of sets and, finally, a graph interpretation. A tiling interpretation is also given for L i r,s (k, n). We use the tiling counting technique, to obtain a closed formula for F i r,s (k, n) and new identities for these sequences. The combinatorial aspects of counting via tilings has been explored and employed by many authors, see [5, 6, 8, 12] for instance. Although we could have just used induction in the proofs, we preferred the tilling approach in order to make it clear where the identities stem from.
In Section 5 we are describe the matrix from where we can obtain the numbers F i r,s (k, n). In other words, we develop to F i r,s (k, n) the matrix approach that has been used by many authors for studying particular sequences, see for instance [10, 32] . In this section, we introduce the numbers F i r,s (k, n) and L i r,s (k, n) and provide examples of sequences that can be obtained from them by specializing the parameters r, s, i, and k. In particular, these new numbers are generalizations of the Fibonacci and Lucas numbers.
Let i, k, r, s ≥ 1, and n ≥ −1 be integers. We define the sequences F The Fibonacci sequence can be obtained directly from F i r,s (k, n) in two different ways: either by taking r = s = i = 1 and k = 2 by taking r = s = k = 1 and i = 2, i.e., F 1 1,1 (2, n) = F 2 1,1 (1, n) = F n+2 for n ≥ −1. We also note that L 1 1,1 (2, n) = L n , for n ≥ 2, the nth Lucas number. Table 2 exhibits some other well-known sequences that can be derived from F i r,s (k, n) and L i r,s (k, n). Ln, Lucas oeis.org/A000032
Jn, Jacobsthal oeis.org/A001045
Gn, [7] 
Remark 2.1. As we are considering that i, k, r, and s are nonnegative integers, the polynomial generalization of the Fibonacci numbers {n} s,t presented in [1] and the two-parameters sequence p a,b n from [5] coincide as we set a = s and b = t. In Section 4 new identities for {n} s,t , and so for p a,b n , are obtained.
Remark 2.2. In order to avoid confusion, the generalizations of the Fibonacci numbers presented in [24] , [32] , and [3] are denoted here by F 1 (k, n), F s (k, n),
We finish this section by presenting a recurrence relation for L i r,s (k, n).
from where
and, then,
When i = r = s = 1 and k = 2, we get the recurrence relation defining the Lucas number:
In this section, we give three combinatorial interpretations to the numbers F i r,s (k, n) and L i r,s (k, n). The well-known Benjamin and Quinn's [6] interpretation of the Fibonacci numbers in terms of tilings as well as the one studied in [12] are particular cases of one of our combinatorial interpretations. The combinatorial interpretation we provide for L i r,s (k, n) in terms of tilings results, by taking r = s = i = 1 and k = 2, in a new combinatorial interpretation to the Lucas numbers. We also present a closed formula to F 
Counting tilings
In order to present our combinatorial interpretation in terms of tilings, we consider 1 × (n + 1) boards, called (n + 1)-boards, where, as usual, the first position is the leftmost square while the rightmost square occupies the (n + 1)th position (see Figure 1 ). The pieces we are going to use in order to tile our boards are: 1 × 1 black squares, 1 × i rectangles (i-rectangles), and 1 × k rectangles (k-rectangles). The i-rectangles and the k-rectangles may be colored with one of r and s colors, respectively.
Let f i r,s (k, n) be the number of tilings of an (n+1)-board using the mentioned pieces such that black squares can only appear in the first min{i, k}−1 positions. Let n < max{k, i} − 1. If i ≤ k, then −1 ≤ n ≤ k − 2 and therefore, in this case, there do not exist tilings containing k-rectangles. As we can insert ⌊ n+1 i ⌋ i-rectangles in this board and each i-rectangle may be colored in r different ways, we have r Figure 2 exhibits all tilings of an 8-board under the conditions of Theorem 3.1, where i = 2, k = 3, and r = s = 1. We emphasize that due to the restrictions we can have at most one black in the first position. In this case F The numbers L i r,s (k, n) can now be interpreted as the number of those tilings described in Theorem 3.1 having an additional conditions on the last pieces: • if n ≥ k + (k − 1)i − 1, there are at least k − 1 i-rectangles among the last k pieces.
Indeed, when n ≥ k + (k − 1)i − 1, the tilings ending with k − 1 i-rectangles are enumerated by
, while those whose last k pieces contain a k-rectangle, between two or after all k − 1 i-rectangles, are counted by By taking r = s = i = 1 and k = 2 in F i r,s (k, n) we obtains the wellknown Benjamin and Quinn's [6] combinatorial interpretation of the Fibonacci numbers. In Chapter 2 of [6] the authors also presented an interpretation for the nth Lucas number, L n , in terms of circular n-boards. The one we showed here for L i r,s (k, n) results in a new combinatorial interpretation for L n .
A formula for
As an application of the combinatorial interpretation discussed above, we present a closed formula for the number F i r,s (k, n) involving its four parameters. As one can verify, the known formulas for F n , P n , J n , P v(n), and {n} s,t are derived from our formula by specializing the four parameters. We also present a formula for the Narayana numbers u n . Theorem 3.2. Let k ≥ i and n ≥ −1 be integers. Then
Proof. We initially consider the case n ≥ k − 1. Let j and t be the number of krectangles and i-rectangles, respectively, in a tiling enumerated by
i ⌋, and, for each j, we also have t = ⌊ n+1−jk i ⌋. Considering the possible s colors to the k-rectangles and r colors to the irectangles, we conclude that the number of tilings having j k-rectangles counted by F i r,s (k, n) is equal to
Adding up relatively to the values of j, it follows that the number of tilings is given by the r.h.s. of (2). When n < k − 1, we have ⌊ n+1 k ⌋ = 0 and, hence,
Besides the known formulas to the numbers F n , P n , J n , P v(n), and {n} s,t , we obtain an expression to calculate the nth Narayana number u n in the next corollary.
Corollary 3.1.
Two other combinatorial interpretations
Let k > i ≥ 1 and n ≥ i − 1 be integers. Let X = {1, 2, . . . , n + 1} and ℑ = {Y t ; t ∈ T } be a family of subsets of X such that each Y t , t ∈ T contain consecutive integers and satisfies the following conditions: 
The family ℑ is called color decomposition and remainder at most i − 1 of X. The set decomposition related to the Fibonacci sequence, see [3] , follows from this by taking r = s = i = 1 and k = 2. Theorem 3.3. Let k > i ≥ 1 and n ≥ i − 1 be integers. Then, the number of color decompositions with remainder at most i − 1 of X is equal to F i r,s (k, n).
Proof. Let l(n) be the number of color decompositions with remainder at most i − 1 of the set X{1, 2, . . . , n + 1}. If n < k − 1, then l(n) = r
Let us now suppose n ≥ k − 1 and l(n) = F i r,s (k, n). We shaw show that l(n + 1) = F i r,s (k, n + 1). Let l i (n + 1) be the number of all color decompositions with remainder at most i − 1 of X such that {1, 2, . . . , i} ∈ ℑ and let l k (n+ 1) be the number of those decompositions ℑ such that {1, 2, . . . , k} ∈ ℑ. If {1, 2, . . . , i} belongs to a decomposition of X, then {1, 2, . . . , k} does not belong to this same decomposition and vice versa. It follows that l(n + 1) = l i (n + 1) + l k (n + 1). Besides that, we have l i (n + 1) = rl(n + 1 − i) and l k (n + 1) = sl(n + 1 − k). By induction and the recurrence relation (1) defining F i r,s (k, n), we have
which concludes the proof.
We now present our third combinatorial interpretation for F i r,s (k, n). Before doing so, we remember a few definitions. The total number of matchings in a graph (called Hosoya index or Z index) was introduced in 1971 [17] to study properties of organic compounds. Hosoya [18] also noticed the relation between Hosoya index and Fibonacci and Lucas sequences. Finally, in 1982, Prodinger and Tichy [25] gave a complete graph interpretation to the Fibonacci sequence by exhibiting connections between the Fibonacci and Lucas numbers and the number of independent sets in some especial graphs. Some recent progress on interpreting generalizations of the Fibonacci sequence in terms of graphs can be found in [4, 24, 31] .
Let X = {1, 2, . . . , n + 1}. If X corresponds to the vertex set of the graph P n+1 , n ≥ i − 1, then each Y t , t ∈ T corresponds to a monochromatic subgraph P l , where l ∈ {i, k}, i.e., there exist r and s colors available for P i and P k , respectively. Thus, the color decomposition with rest ao most i − 1 of X corresponds to a {P k , P i }-matching of P n . Obviously, at most the last i − 1 vertex does not belong to the {P k , P i }-matching of P n .
The generating function for
In this section we determine the generating function of the sequence (F i r,s (k, n)). We point out that our result generalizes those recently obtained to the sequences k-Jacobsthal [20] , (k, r)-Fibonacci numbers [13] , the polynomial generalization of the Fibonacci numbers [1] , and the k-Narayana numbers [27] .
This section is devoted to presenting a great number of identities involving F i r,s (k, n) and L i r,s (k, n). Although all these identities could be proved by induction or algebraically, we employ the combinatorial interpretation presented in Section 3. In what follows, we call type F and type L the tilings enumerated by F i r,s (k, n) and L i r,s (k, n), respectively. When we specialize the four parameters i, k, r, and s several identities involving those numbers generalized by F i r,s (k, n) and L i r,s (k, n) appear. The new ones will be stated as corollaries while the known ones will just be mentioned after the theorems. Theorem 4.1. Let i ≥ 2, k = ti, and n ≥ 0 be integers, where t ≥ 1. Then
there do not exist tilings with a black square. By inserting a black square in the beginning of such tilings, we are left with all those tilings enumerated by F i r,s (k, ni). Reciprocally, each tiling enumerated by F i r,s (k, ni) has exactly one black square, which, after being removed, is turned into a tiling counted by F i r,s (k, ni − 1). Theorem 4.2. Let n ≥ 0 and i, k ≥ 1 be integers. Then,
Proof. We shall show that the r.h.s. of (3) also counts the number of type F tilings of an (ni + k + 1)-board. In order to achieve this, we consider the right most appearance of a k-rectangle, if any. The number of tilings without any k-rectangle is equal to either r
The remaining tilings end with either a k-rectangle or a k-rectangle followed by i-rectangles. There exist sF i r,s (k, ni) type F tilings whose last piece is a k-rectangle, rsF i r,s (k, (n − 1)i) ending with a k-rectangle followed by one i-rectangle, r 2 sF i r,s (k, (n− 2)i) ending with a k-rectangle followed by two i-rectangles, . . . , r n−1 sF i r,s (k, i) ending with a k-rectangle followed by (n − 1) i-rectangles and, finally, r n sF i r,s (k, 0) ending with a k-rectangle followed by n i-rectangles. In the case i = 1, we have one tiling ending with a k-rectangle followed by n + 1 i-rectangles. By adding up all these possibilities, we finish the proof.
It follows from this theorem some well-known identities (see Table 2 for the choice of the parameters) as well as new ones:
Corollary 4.1.
1.
The proof of the next identity is similar to that of the previous theorem and will be omitted. 
From this identity we obtain a known relation to the Padovan numbers, n j=0 P v(2j) = P v(2n + 3) − 1, and also a new identity to the polynomial generalization of the Fibonacci numbers {n} s,t :
Corollary 4.2.
Proof. We prove that the r.h.s. of (4) counts the same tilings as F From (4) we can derive some known identities and new ones:
Corollary 4.3.
The same strategy of the proof of the last theorem can be employed to prove the next theorem, where again we have to consider the rightmost appearance of an i-rectangle, if any. 
From (5) we get two known identities involving the Padovan numbers: 
Theorem 4.6. Let k, i ≥ 1 and n ≥ max{i − 1, 2k − i − 1} be integers. Then,
Proof. This result follows directly from (1), the recurrence relation defining F i r,s (k, n).
As a consequence, we have the known identity F n+2 = 1 2 (F n + F n+3 ) and two new ones:
Corollary 4.5.
Theorem 4.7. Let t ≥ 1 and n ≥ 2t − 1 be integers. Then,
Proof. We show that the r.h.s. of (1) is equal to F 1 r,s (2t, 2n) by considering the number of 2t-rectangles in each side of the central square, i.e. the square of the (2n + 1)-board that has the same number of squares on both left and right sides. Let j and l be the number of 2t-rectangles to the left and to the right of the central square, respectively. There are j +l 2t-rectangles and 2n+1−2t(j +l) 1-rectangles in the tiling and, hence, we have n−t(j +l) squares in each side of the central square. As the left side has n−t(j+l)+j pieces, where j are 2t-rectangles, then we have r n−t(j+l) s j n − t(j + l) + j j different ways to color this left side.
A similar reasoning shows that there are r n−t(j+l) s l n − t(j + l) + l l choices to the right side of the central square. Varying j and l, we will have counted all possible tilings.
Taking t = r = s = 1 it follows the known identity
see [6] . We can also derive similar results to Pell and Jacobsthal number as well as to the sequence {n} s,t :
Corollary 4.6.
The next identity provides a simple proof of the identity F n = F n−4 + 4F n−5 + 6F n−6 + 4F n−7 + F n−8 , ∀n ≥ 9
and gives us new relations involving Fibonacci, Pell, Jacobsthal and Padovan numbers.
Theorem 4.8. Let l ≥ 0 and n ≥ max{i, k}l − 1 be integers. Then,
Proof. We count the number of type F tilings of an (n+1)-board by considering the last l pieces. Initially we choose j k-rectangles among the last l pieces, where 0 ≤ j ≤ l, which can be done in l j ways. By removing the last j k-rectangles together with the l − j i-rectangles, we are left with tilings enumerated by
By adding up on all j ≥ 0, we finish the proof.
By taking l = 1 in this identity we get the recurrence relation in (1).
Corollary 4.7. Let l ≥ 0 and n ≥ 2l + 1 be integers. Then,
6. u n = j≥0 l j u n−2j−l , ∀n ≥ 3l + 1.
If we take l = 4 in the Identity 1 of the above corollary, we obtain (7). We also have, by taking l = m and n = 2m + 1, the well-known identity:
Theorem 4.9. Let i, k ≥ 1 and n ≥ k − 1 be integers, such that k = 2i. Then,
Proof. In order to prove this identity we establish a 1-to-(2+r 2 ) correspondence between type F tilings of an (n + 1)-board and either type F tilings of an (n + k + 1)-board or type F tilings of an (n − k + 1)-board, i.e., from each tiling enumerated by F i r,1 (k, n) we create 2 + r 2 tilings counted by either by F i r,1 (k, n + k) or by F i r,1 (k, n − k), in a unique way. Given a tiling enumerated by F i r,1 (k, n + k), we can determine a type F tilings of an (n + 1)-board examining the last pieces and removing: (i) the last k-rectangle, if it ends with one k-rectangle, (ii) the last two i-rectangles, if it ends with two or more i-rectangles or (iii) the last k-rectangle, if it ends with one i-rectangle preceded by one krectangle.
In Case (i) we obtain a unique tiling enumerated by F i r,1 (k, n). Case (ii) results in r 2 F i r,1 (k, n) tilings while Case (iii) gives us tilings counted by F i r,1 (k, n) ending with one i-rectangle. To finish the proof of (8), we notice that the remaining tilings enumerated by F i r,1 (k, n) end with one k-rectangle and come from those tilings counted by F i r,1 (k, n − k) by just adding a k-rectangle at the end.
Reciprocally, for each tiling enumerated by F i r,1 (k, n) we can produce a type F tiling of an (n + k + 1)-board either by adding a k-rectangle or adding two i-rectangles at the end. In the last case, we get r 2 type F tilings of an (n+k+1)-board, since all i-rectangle can be colored using one of r colors and, in the former case, one tiling, since s = 1. If a type F tiling of an (n + 1)-board ends with an i-rectangle, we insert a k-rectangle before the last piece in order to obtain a type F tiling of an (n + k + 1)-board. Finally, if a type F tilingof an (n + 1)-board ends with a k-rectangle, then we remove this piece to create a tiling enumerated by F i r,1 (k, n − k). Two known identities to the Fibonacci and Pell numbers can be obtained from (8): 3F n = F n+2 +F n−2 (see [5] ) and 6P n = P n+2 +P n−2 , (see [23] ), ∀n ≥ 2. Theorem 4.10. Let i, k ≥ 1 and n ≥ max{i, k} − 1 be integers. Let l be the remainder of the division of n + 1 by k. Then,
where
Proof. We count the number of type F tilings of an n-board by considering the rightmost appearance of an i-rectangle, if any. We note that t(i, k, n) is the number of tilings without i-rectangles. Indeed, if i ≥ k or k > i and
k ⌋ , while the case k > i and l > i − 1 does not gives us any tiling without i-rectangles. The remaining tilings end with an i-rectangle followed by k-rectangles. There are rF i r,s (k, n − i) tilings whose last piece is an i-rectangle, rsF i r,s (k, n − i − k) ending with an i-rectangle followed by one k-rectangle, rs 2 F i r,s (k, n − i − 2k) ending with an i-rectangle followed by two k-rectangles, . . . , rs
ending with an irectangle followed by ⌊ n+1−i k ⌋ k-rectangles. By adding up all these possibilities, we complete the proof.
A new identity to the Jacobsthal numbers is obtained from (9): Corollary 4.8.
Theorem 4.11. Let i, k ≥ 1 and n ≥ max{k − i − 1, −1} be integers. Then,
Proof. The number of type F tilings enumerated by F i r,s (k, n+ik) ending with k or more i-rectangles equals r k F i r,s (k, n). The remaining tilings end with exactly j i-rectangles, where 0 ≤ j ≤ k − 1. By removing these j i-rectangles and the last k-rectangle we are left with tilings enumerated by r j sF i r,s (k, n + ik − k − ji). In order to finish the proof, we just have to add up on j. P v(n + 7) = P v(n + 1) + P v(n) + P v(n + 2) + P v(n + 4), from where, by using the recurrence relation definig P v(n), it is easy to see that the period of the Padovan numbers modulus 2 is 7. Corollary 4.9.
The next theorem has, as a consequence, a great number of identities involving sequences generalized by F i r,s (k, n). Theorem 4.13. Let i, k ≥ 1 and n ≥ 2max{i, k} − 1 be integers. Let l be the remainder of the division of n + 1 by i. Then,
Proof. We shaw show that the r.h.s. of (10) ⌋}. Adding up all these numbers we get the total of tilings counted by F i r,s (k, n).
The identity below, see [12] , follows from (10):
Corollary 4.10.
(n − j)P 2j , ∀n ≥ 2,
Some more interesting identities can be derived when we combine Corollary 4.10 with the identities previously obtained:
5.
n−1 j=0
.
10
13
14
Theorem 4.14. Let i, k ≥ 1 and n ≥ 2 max{i, k} − 1 be integers. Let l be the remainder of the division of n + 1 by i. Then,
Proof. Firstly, we show that v(i, k, n) is the number of type F tilings without k-rectangles before the last piece. When k ≥ i, it is easy to see that there are r
⌋ tilings of an (n + 1)-board that do not have any k-rectangle before the last piece, r
i ⌋ if the last piece is an i-rectangle, and sr
Thus, there exist tilings without k-rectangles before the last piece. On the other hand, when 2k − i − 1 < l ≤ k − 1, such tilings end only with i-rectangles. Now, suppose i > k and k ≤ l ≤ i − 1. In this case, there are not tilings with k-rectangles before the last piece, where the last piece is an i-rectangle. We also have n + 1 = l + qi = l − k + k + qi. Hence, if l ≤ 2k − 1, there exist tilings, whose last piece is a k-rectangle, without k-rectangles before the last piece, and if l > 2k − 1 we do not have any tiling without k-rectangles before the last piece. In the remaining cases there is a k-rectangle followed by j i-rectangles before the last piece, where either 0 ≤ j ≤ ⌊ 
Proof. We show that the r.h.s. of (12) is also the number of tilings enumerated by F 1 r,s (k, m + n) by considering whether or not a tiling is breakable at cell m. It is easily seen that if a tiling of an (m + n + 1)-board is breakable at cell m, then it splits into two tilings, one of length m and another one of length n + 1. Hence we have F In this case, the tiling can be split into a tiling of length m−j −1 followed by one k-rectangle, which in turn is followed by a tiling of length n−k+j+2. As we have s colors to the k-rectangles, there are s
tilings that are unbreakable at cell m. Summing over all possible tilings we finish the proof.
It follows from this theorem the known identities F m+n = F m+1 F n +F m F n−1 ([5] ), P m+n = P m+1 P n +P m P n−1 ([23] ), u m+n = u m+1 u n +u m u n−2 +u m−1 u n−1 ([15] ), {m + n} s,t = {n + 1} s,t {m} s,t + t{n} s,t {m − 1} s,t ([1]), and also an analogous identity for the Jacobsthal numbers: Corollary 4.12. For n, m ≥ 1, we have
We call tail of a type L tiling either the last sequence of k pieces, if there is a k-rectangle after all or between two i-rectangles (tail of size k(1 Figure 4 we have the possible tails of the tilings of a 9-board using 2-rectangles and 3-rectangles, of colors white and gray, respectively. 
is the number of type L tilings with tail of size (k − 1)i. We decompose the last set of tilings into two disjoint subsets according to the last piece being either an i-rectangle, whose total is r
Then, adding up these numbers we are left with the number of tilings enumerated by L i r,s (k, n).
Taking i = r = s = 1 and k = 2 in the above identity it follows the known result:
Proof. It is easily seen that (k − 1)sr
i ⌋ is the number of type L tilings of an (n + 1)-board not having any k-rectangle before the tail: (k − 1)sr
i ⌋ of size (k − 1)i. In the remaining cases there exists at least one k-rectangle before the tail. We count the number of such tilings by considering the number, j, of i-rectangles between the tail and the rightmost k-rectangle before the tail. We have j ≤ ⌊ 
Proof. We count the number of type L tilings of an (n + 1)-board considering the number of k-rectangles before the tail. There are (k − 1)sr
tilings not having any i-rectangle before the tail. Now, we consider the tilings with exactly one k-rectangle before the tail. If the tail has size k(1
⌋ + 1 tilings. On the other hand, if the size of the tail is (k − 1)i, then there are sr
⌋ + 1 tilings. In both cases there exist at least two k-rectangles before the tail. Denoting by j the number of i-rectangles between the last two k-rectangles before the tail and by t the number of i-rectangles between the rightmost k-rectangle and the tail, we have two cases to consider: (a) tail of size k(1+i)−i. In this case, j, t ≤ ⌊ 
enumerates the total of type L tilings of an (n + 1)-board with tail of size k(1 + i) − i and a sequence of j i-rectangles between the last two k-rectangles followed by t i-rectangles before the tail.
(b) tail of size (k − 1)i. In analogy with the previous case, we have j, t ≤ ⌊ n+1−k(i+2)+i i ⌋ and, then,
is the number of tilings.
Corollary 4.14. If n ≥ 6, we have
and, consequently, L n − F n−3 is even.
Combining Corollaries 4.13 and 4.14, if follows that F n − F n−3 is even for n ≥ 6. Proof. There are s The proof of this theorem will be omitted since it is analogous to the previous one. We shaw observe that when n + 2 − k ≡ 0(mod k) there do not exist tilings without i-rectangles before the tail. As a consequence of this theorem we have: F n−2−2j , if n is odd.
Matrix generators
In this section, we discuss an important tool, the matrix methods, for obtaining results about recurrence relations. Some examples of the power of this method can be seen, among others, in [10, 32] . Let Q = 1 1 1 0 and P = 2 1 1 0 .
Taking n-th power, we get the Fibonacci and Pell numbers,
F n−1 and P n = P n+1 P n P n P n−1 , from where we have the Cassini formulas: det Q n = (−1) n = F n+1 F n−1 − F 2 n and det P n = (−1) n = P n+1 P n−1 − P We will also need the following matrix of initial conditions: In order to get the generalization of the Cassini formula, we will need some results.
Theorem 5.2. Let k ≥ 2. Then,
Proof. The determinant can be easily calculated when we use the cofactor formula on the fist column of Q k . .
